We prove, in an elementary way, that a locally free sheaf of finite rank over the anisotropic real conic is the direct sum of indecomposable locally free sheaves of rank 1 or 2. Our proof is purely algebraic, and is based on a classification of graded qx, YJ-modules endowed with a certain action of the cyclic group Zj4Z.
unusual in real algebraic geometry where the cyclic group of order 2 reigns for more than a century.
Let A be the homogeneous coordinate ring of Q. We classify graded A-modules that are locally free of finite rank, and obtain the above statement as a consequence. As usual in real algebraic geometry, the classification of such A -modules is obtained from the classification of locally free graded C ®IR A-modules of finite rank that come along with an action of the Galois group Gal(C/IR). In order to classify the latter modules, we observe the following.
The complexification Qc of Q is isomorphic to the complex projective line pl. The action of complex conjugation on Qc corresponds to the involution [x : y] f---+ [ -y:x] on the set of complex points pI (C) of pl. On the homogeneous coordinate ring qx, f] of pI this is the automorphism P f---+ P(-f, X). Now, this automorphism is of order 4, and not of order 2. Therefore, we get an action of the cyclic group 7l/471 on qx, f]. We obtain the classification of the above mentioned C ®IR A -modules, as a consequence of the classification of locally free graded qx, Y]-modules of finite rank that are equipped with an action of 7l/471.
The fact that the group that acts is 7l/471, and not 7l/271, explains somehow the existence of those mysterious indecomposable locally free sheaves of rank 2 on the real curve Q.
Convention. All actions, modules and algebras will be left actions, left modules and left algebras, respectively.
MODULES OVER THE TWISTED GROUP RING C(Z/4Z)
Let G be a cyclic group of order 4, and let u be a generator. Define an action of G on the IR-algebra <C of complex numbers by letting uex be the complex conjugate a of ex, for all ex E C. Note that the action of G on C is not faithful.
We will study complex vector spaces M that are endowed with an IR-linear action of G such that u(exx) = (uex) (ux) , for all ex E C and for all x E M. Equivalently, we will study modules over the twisted group ring C(G).
Recall that the twisted group ring C(G) ofC is the <C-vector space with basis the set G. There is a unique C-algebra structure on C(G) if one defines the product· on C(G) by u i . u j = u i + J and u . ex = (uex) . u, for all i, j E {O, 1,2, 3} and ex E C.
It is clear that a complex vector space, which is endowed with a G action as above, is naturally a C(G)-module, and conversely. Also, a morphism between two such vector spaces corresponds to a morphism ofC(G)-modules, and conversely.
The action of G on C defines the structure of a <C(G)-module on C. When we speak of C as a C(G) module, we mean that particular structure of a C(G)-module. A less trivial example ofa C(G)-module is the C(G)-module induced by the action of G on C 2 defined by u (x, y) = (-y, x). We denote that particular C(G)-module by V. Let M be a C(G)-module. Define f: M ---+ M by f(x) = u 2 x for all x E M.
It is easy to see that f is a C-linear endomorphism of M with the property that f2 = id. We denote by MI and M_ I the eigenspaces of f for the eigenvalues 1 402 unusual in real algebraic geometry where the cyclic group of order 2 reigns for more than a century. Let A be the homogeneous coordinate ring of Q. We classify graded A-modules that are locally free of finite rank, and obtain the above statement as a consequence. As usual in real algebraic geometry, the classification of such A -modules is obtained from the classification of locally free graded C ®IR A-modules of finite rank that come along with an action of the Galois group Gal(C/IR). In order to classify the latter modules, we observe the following.
The complexification QiC of Q is isomorphic to the complex projective line pl. The action of complex conjugation on QiC corresponds to the involution
on the set of complex points pI (C) of pl. On the homogeneous coordinate ring qx, f] of pI this is the automorphism P f---+ P(-f, X). Now, this automorphism is of order 4, and not of order 2. Therefore, we get an action of the cyclic group 7l/471 on qx, f]. We obtain the classification of the above mentioned C ®IR A -modules, as a consequence of the classification of locally free graded qx, Y]-modules of finite rank that are equipped with an action of 7l/471.
We will study complex vector spaces M that are endowed with an IR-linear action of G such that u(exx) = (uex)(ux), for all ex E C and for all x E M. Equivalently, we will study modules over the twisted group ring C(G).
The action of G on C defines the structure of a <C(G)-module on C. When we speak of C as a C(G) module, we mean that particular structure of a C(G)-module. A less trivial example ofa C(G)-module is the C(G)-module induced by the action of G on C 2 defined by u (x, y) = (-y, x). We denote that particular C(G)-module
It is easy to see that f is a C-linear endomorphism of M with the property that f2 = id. We denote by MI and M_ I the eigenspaces of f for the eigenvalues 1 and It suffices to prove that they are both split. For the first exact sequence, this is trivial since it is isomorphic to the complexification of the short exact sequence of real vector spaces
ith notation as in the proof of Proposition I. For the second exact sequence, observe that, by Proposition I, there is a complex basis x I •... ,X2n of N-I such that We define a left action of G on the graded JR-algebra B by
for all P E B. Let B(G) be the twisted group ring, i.e., B(G) is the free B-module on the set G. It is a B-algebra, and one has a i . a J = a'+J and a . P = p a , a in B(G), for all i, j E (0, 1,2, 3} and P E B. The B-algebra B(G) is naturally graded. The twisted group ring B(G) contains C(G) as a subring.
Let We need to recall some facts from algebraic geometry (see [3] for details). Let pI be the complex projective line Proj(B), and let 0 be the structure sheaf on pl. It suffices to prove that they are both split. For the first exact sequence, this is trivial since it is isomorphic to the complexification of the short exact sequence of real vector spaces
with notation as in the proof of Proposition 1. For the second exact sequence, observe that, by Proposition 1, there is a complex basis in Co If P is a complex polynomial, P denotes the complex conjugate polynomial.
We define a left action of G on the graded lR-algebra B by We need to recall some facts from algebraic geometry (see [3] for details). Let pi be the complex projective line Proj(B), and let 0 be the structure sheaf on pl.
If M is a graded B-module,then one has an associated quasi-coherent sheaf it of O-modules over jp" • Conversely, if £ is a quasi-coherent sheaf of O-modules on jp'l , then r*(£) = EB HO(jp", Oed) 00 E). dEZ is a graded B -module. One has a natural isomorphism between the sheaves r * (£) and £ [3, Proposition 11.5.15]. The natural morphism of graded B-algebras from M into r * (M) is not necessarily an isomorphism.
Let M be a graded B-module. we will say that M is locally free offinite rank if there is a locally free sheaf £ of V-modules of finite rank on jp'1 such that M is isomorphic to r*(£). It follows from what has been said above that, if M is a locally free graded B-module of finite rank, then Mis a locally free sheaf of finite rank over jp'1 . For such a module M, the natural morphism from Minto r *(M) is an isomorphism. Therefore, the functor M r-+ M is an equivalence from the category of locally free graded B-modules of finite rank, onto the category of locally free sheaves of finite rank over 1P' de'l.
------is a graded B-module. One has a natural isomorphism between the sheaves f*(E) and E [3, Proposition 11.5.15]. The natural morphism of graded B-algebras from M into f*(M) is not necessarily an isomorphism.
Let M be a graded B-module. we will say that M is locally free offinite rank if there is a locally free sheaf E of O-modules of finite rank on jp'1 such that M is isomorphic to f*(E). It follows from what has been said above that, if M is a locally free graded B -module of finite rank, then M is a locally free sheaf of finite rank over ]P'I . For such a module M, the natural morphism from Minto f *(M) is an isomorphism. Therefore, the functor M r-+ M is an equivalence from the category of locally free graded B-modules of finite rank, onto the category of locally free sheaves of finite rank over ]P'I. The inverse functor is the functor E r-+ f*(E).
Let E be a locally free sheaf of O-modules of finite rank over ]P'I. A Theorem of Grothendieck states that there are integers dl, ... , d n such that E is isomorphic to the direct sum of the invertible sheaves O(d,) on ]P'I [2] . Moreover, the integers dl' ... , d n are uniquely determined by E, up to permutation. In particular, the graded B-module f*(E) is isomorphic to the direct sum of the graded B-modules B [d,] .
By the Theorem of Grothendieck, a graded B-module M is locally free of finite rank if and only if there are integers dj, ... ,d n such that M is isomorphic to the direct sum of the graded B-modules B[dil. Moreover, the integers dl' ... , d n are uniquely determined by M, up to permutation.
Let M be a graded B-module that is locally free offinite rank. We will say that M is gradually pure if all the integers di above are equal. Equivalently, M is gradually pure if M is isomorphic to the graded B-module B[d]n, for some n EN and some d E Z. In that case, d is called the degree of the gradually pure B -module M. The Theorem of Grothendieck above states that M decomposes, in a unique way, as a direct sum of gradually pure locally free graded B-modules of finite rank and of distinct degrees. Proof. We start be showing that M admits a decomposition as a direct sum of graded sub-B(G)-modules Ki' for i = 1, ... , n, such that each K i is locally free of finite rank as a graded B-module and gradually pure. We may assume that M i- {OJ 
Proposition 3. Let M be a graded B(G)-module which is locally free offinite rank as a graded B -module. Then there are integers a
It follows that the dimension of Ad is equal to 1 1 1
Next, we determine the dimension of Bftt. The complex dimension of B2d is equal to 2d + 1. Now, the calculation of 0-2 P above shows that 0-2 P = P if deg(P) is even. 
Moreover, this morphism is equivariant with respect to the actions ofG.
Proof. If d is en even integer, the iC-linear map td is an isomorphism. It easily follows that Proj(t) is an isomorphism. The isomorphism Proj(t) is G-equivariant, since t is G-equivariant. 0 As a consequence of Proposition 6, one gets an equivalence Proj(t)* between the category of locally free G-sheaves of finite rank on pI, and the category of such Proof. It is clear that Ip : A -+ B is injective. In order to show that Ip is smjective, we show that the real vector spaces Ad and Bi'J are of the same dimension, and that B2d+1 = {OJ, for all natural integers d. Let us first prove that Bi'J+I = {OJ. Let P E Bftt+I' Then
since deg(P) is odd. Therefore, P =O. This proves that Bftt+1 = {OJ.
Next, we show that Ad and Bftt have the same dimension. The real vector space
Next, we determine the dimension of Bftt. The complex dimension of B2d is equal to 2d + 1. Now, the calculation ofu 2 P above shows that u 2 P = P if deg(P) is even. 
Proof. If d is en even integer, the iC-linear map td is an isomorphism. It easily follows that Proj(t) is an isomorphism. The isomorphism Proj(t) is G-equivariant, since t is G-equivariant. 0 As a consequence of Proposition 6, one gets an equivalence Proj(t)* between the category of locally free G-sheaves of finite rank on pI, and the category of such sheaves on Proj (C I8lIR B G ) . A G-sheaf on a scheme on which G acts is an action of G on a sheaf of modules, lying over the action of G on the scheme. For the scheme jp'1, such a sheaf is the G-sheaf associated to a graded B(G)-module which is locally free of finite rank as a graded B-module. In fact, the functor M t-+ it is an equivalence from the category of graded B(G)-modules which are locally free of finite rank as graded B-modules, into the category oflocally free G-sheaves of finite rank over jp '1. Note that the algebra C I8lIR B G is evenly graded. A graded module over such an algebra is also supposed to be evenly graded. It follows, in particular, that only twists of graded C I8lIR B G -module by an even integer are defined. Apart from that, the usual definitions concerning Z-graded modules apply verbatim. In particular, we will say that a graded C I8lIR B G -algebra is locally free of finite rank, if it is isomorphic to the graded module C I8lIR B G ) . A G-sheaf on a scheme on which G acts is an action of G on a sheaf of modules, lying over the action of G on the scheme. For the scheme jp'1, such a sheaf is the G-sheaf associated to a graded B(G)-module which is locally free of finite rank as a graded B-module. In fact, the functor M t-+ it is an equivalence from the category of graded B(G)-modules which are locally free of finite rank as graded B-modules, into the category oflocally free G-sheaves of finite rank over jp '1. Note that the algebra C I8lIR B G is evenly graded. A graded module over such an algebra is also supposed to be evenly graded. It follows, in particular, that only twists of graded C I8lIR B G -module by an even integer are defined. Apart from that, the usual definitions concerning Z-graded modules apply verbatim. In particular, we will say that a graded C I8lIR B G -algebra is locally free of finite rank, if it is isomorphic to the graded module A graded B G -module M is said to be locally free offinite rank ifthere is a locally free sheaf E offinite rank over Proj ( [1] . Its complexification C ®IR. B o dd [1] is a locally free graded C ®IR. B G -module of rank 2, since it corresponds, via the isomorphism Proj(t), to the locally free graded B-module C®IR. B [1] , which is obviously of rank 2. Moreover the determinant module of the latter is B(G)-isomorphic to B [2] . Therefore, the graded B G -module (B [I] ®c V)~en is of rank 2 and its determinant module is isomorphic to B£en [2] . The locally free sheaf of finite rank on Proj(B G ) associated to B£en is, of course, the structure sheaf 0 of Proj(B G ). Let V be the locally free sheaf of finite rank on Proj(B G ) associated to (B [I] 
